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Abstract
A space is said to be 12 -homogeneous provided that there are exactly two orbits for the action of the group of homeomorphisms of
the space onto itself. It is shown that if X is a 12 -homogeneous continuum with at least one cut point, then X has either uncountably
many cut points or only one cut point c. In the former case, X is 12 -homogeneous if and only if X is an arc or X is a compactification
of the reals R1 whose remainder is the union of two disjoint, nondegenerate, homeomorphic homogeneous continua and the ends
of X are mutually homeomorphic and 13 -homogeneous. In the latter case, the closures of the components of X − {c} are mutually
homeomorphic and 2-homogeneous at c, and ordc(X)  4; furthermore, if ordc(X)  ω, X is a locally connected bouquet of
simple closed curves. Conversely, the two conditions about the components of X − {c} are shown to imply X is 12 -homogeneous
under an additional assumption, which is shown by examples to be both required and restrictive.
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1. Introduction
A compactum is a nonempty compact metric space. A continuum is a connected compactum. The term nondegen-
erate refers to a space that contains more than one point.
The term cut point refers to a point that separates a connected space. We denote the subspace of all cut points of a
space X by Cut(X).
Let H(X) denote the group of homeomorphisms of a space X onto itself. An orbit of X is the action of H(X) at a
point x of X, meaning {h(x): h ∈H(X)} for a given point x ∈ X; O({x}) denotes the orbit of X that contains x (we
do not include the space X in the notation O({x}) since, in context, there will be no ambiguity).
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n
-homogeneous provided that X has exactly n orbits. Thus,
1-homogeneous spaces are the more familiar homogeneous spaces.
The notion of 12 -homogeneity is particularly important since it is an obvious geometric property of every n-cell.
Nevertheless, at least until recently, very little was known about 12 -homogeneity. We summarize the types of results
that are known. The Sierpin´ski universal curve is 12 -homogeneous [4]. Note that the Sierpin´ski universal curve is
locally connected; an example of a 12 -homogeneous continuum that is not locally connected is the “most natural”
compactification of the real line with a circle as remainder (from both directions). A theorem about 12 -homogeneous
compact absolute neighborhood retracts of dimension 2 is in [11, p. 25, Theorem 1]. Results about 12 -homogeneous
cones are in [8]. Results about 12 -homogeneous hyperspaces are in [9]. A recent paper about 12 -homogeneous continua
is [10].
Recall that every continuum has noncut points [7, p. 89, 6.6]; thus, when a 12 -homogeneous continuum X has cut
points, the two orbits of X must be Cut(X) and its complement (the set of all noncut points of X). Obviously, then,
it is important to know about the structure of Cut(X) and its complement in studying 12 -homogeneity. However, to
date, there are only two results in the literature about the structure of Cut(X) when X is 12 -homogeneous; both results
give sufficient conditions under which Cut(X) consists of only one point [10, 3.13] and [11, p. 37, Lemma 1]. We
determine the structure of Cut(X) for all 12 -homogeneous continua.
We began our investigation by trying to settle a conjecture: If X is a 12 -homogeneous continuum, then Cut(X) is
connected. We showed that the conjecture is true; in fact, as things developed, we obtained two much stronger results:
Theorem 6.2, which completely determines the structure of Cut(X) for any 12 -homogeneous continuum, showing that
Cut(X) has a very simple structure, and Theorem 6.4, which characterizes 12 -homogeneous continua with more than
one cut point. The theorems give a lot of information about both orbits of X, including how the orbits are situated
in X.
We also characterize 12 -homogeneous continua that have only one cut point and that satisfy an additional condition(Theorem 6.5); we give examples to show that the additional condition is required (Example 7.2) and is not implied
by 12 -homogeneity (Example 7.3).
2. Notation and terminology
Basic notation and terminology that are not here or in our introduction are in [6,7,13]. We only call attention to the
following:
• |A| denotes the cardinality of the set A; |A| = ∞ means the set A is of infinite cardinality.
• A, int(A), Bd(A) and X × Y denote closure, topological interior, topological boundary and Cartesian product,
respectively.
• ordp(X) denotes the order of the space X at p (ordp(X) = n means that p has arbitrarily small open neigh-
borhoods whose boundaries have cardinality n and that n is the smallest cardinal number for which p has such
neighborhoods; ordp(X) ω means that p has arbitrarily small open neighborhoods whose boundaries are finite
[6, p. 274]).
• Y = E|F means the space Y is not connected and that E and F form a separation of Y (i.e., Y = E ∪ F , where
E and F are nonempty mutually separated sets [7, p. 87]).
• YupslopeA, where Y is a continuum and A is closed in Y , denotes the quotient space (which is a continuum) obtained
by identifying the points of A [7, p. 41, 3.14].
• ≈ stands for is homeomorphic to.
It is important to note the following specialized notation that we use throughout the paper to facilitate statements
of results:
• When X is a 12 -homogeneous continuum with at least one cut point, OC denotes the orbit of cut points and ON
denotes the orbit of noncut points.
We also use the following specialized terminology:
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• Let X be a compactification of R1, and let R denote the open, dense copy of R1 in X. For any point r ∈ R, the
closure in X of a component of R −{r} is called an end of the compactification X. (Thus, up to homeomorphism,
there are at most two ends.)
• A continuum Y is n-homogeneous (n a positive integer) provided that for any two n-element subsets A and B of
Y , there is a homeomorphism h of Y onto Y such that h(A) = B [12].
• A continuum Y is n-homogeneous at a point p ∈ Y (n a positive integer) provided that for any two n-element
subsets A and B of Y such that p ∈ A ∩ B , there is a homeomorphism h of Y onto Y such that h(A) = B and
h(p) = p. (This notion originates here.)
• A join of finitely many continua is the quotient space obtained from their disjoint union by picking a point in each
of the (mutually disjoint) continua and identifying the chosen points.
• A bouquet of continua Y is a continuum X with a cut point c such that the closure of each component of X − {c}
is homeomorphic to Y . The Hawaiian earring is the unique locally connected bouquet of infinitely many simple
closed curves.
3. The cardinality of Cut(X)
We prove that a 12 -homogeneous continuum with more than one cut point has uncountably many cut points. We
use the result in the proof of Theorem 6.1. Initially, the result was important to us since it guided our approach to our
main theorems.
We first prove a lemma about continua with countably many cut points. The lemma uncovers an invariant that
divides the set of all noncut points of any continuum X into at least two orbits when Cut(X) is nondegenerate and
countable. We use the lemma to prove Theorem 3.2. The lemma is of independent interest as well.
Lemma 3.1. Let X be a continuum such that Cut(X) is countable (possibly finite). Then some point of X is not in any
subcontinuum of X that is irreducible between two cut points of X.
Proof. Obviously, we can assume that Cut(X) = ∅ for the proof. Thus, we can index the points of Cut(X) as follows:
Cut(X) = {c1, c2, . . .} (where ci may equal cj when i = j ).
We first show by induction that there are A1,A2, . . . satisfying the following four properties:
(1) An is a proper subcontinuum of X for each n;
(2) cn ∈ An for each n;
(3) Bd(An) ⊂ Cut(X) and |Bd(An)| = 1 for each n;
(4) An ⊂ An+1 for each n.
Since c1 ∈ Cut(X), X − {c1} = U1|V1. Let A1 = U1 = U1 ∪ {c1}. Then A1 is a continuum [7, p. 88, 6.3] and,
clearly, A1 satisfies (1), (2) and (3).
Assume inductively that we have defined A1, . . . ,Am that satisfy (1) through (4) (for each nm − 1 in (4)). We
define Am+1 as follows: If cm+1 ∈ Am, let Am+1 = Am. If cm+1 /∈ Am, then
X − {cm+1} = Um+1|Vm+1,
where Am ⊂ Um+1 (without loss of generality); let Am+1 = Um+1 = Um+1 ∪ {cm+1}. It follows easily that
A1, . . . ,Am+1 satisfy (1) through (4) (for each nm in (4)).
We have thus defined An for each n = 1,2, . . . such that each An satisfies (1) through (4).
Let
A =
∞⋃
n=1
An.
It follows from the inductive procedure we used to define the sets An that
(5) if A = X then, for each n, An ⊂ int(Ak) for some k > n.
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(6) If L is a subcontinuum of X such that L is irreducible between two cut points, ci and cj , then L ⊂ An for some n.
To prove (6), let n = max{i, j}. Then, by (2), ci, cj ∈ An. By (3), Bd(An) = {ck} for some k. We prove that L∩An
is connected. Suppose by way of contradiction that L∩An is not connected. Hence, L−An = ∅ and, thus, ck ∈ L∩An.
Therefore,
L∩An = E|F, where ck ∈ E.
It now follows at once that
L = ((L−An)∪Et)|F ;
however, this contradicts the connectedness of L. Hence, L ∩ An is connected. Therefore, since L is irreducible
between ci and cj , we must have that L∩An = L; in other words, L ⊂ An. This proves (6).
We see from (6) that to prove our lemma, we need only prove that A = X. We assume for the proof that A = X
(otherwise, we are done). Let
B =
∞⋂
n=1
X −An.
By (3), Bd(An) = ∅ for each n and, thus, X −An = ∅ for each n; also, by (4), X −An ⊃ X −An+1 for each n. Hence,
there is a point p ∈ B [7, p. 6, 1.7]. Then p /∈ A as follows: If p ∈ An for some n, then p ∈ int(Ak) for some k > n
by (5); however, since p ∈ B , p ∈ X −Ak and, hence, we have a contradiction. Therefore, p /∈ A. 
Theorem 3.2. If X is a 12 -homogeneous continuum with at least one cut point, then either X has only one cut point or
X has uncountably many cut points.
Proof. Assume that Cut(X) is countable and has (at least) two cut points c1 and c2. We show that X is not 12 -homo-
geneous.
There is a subcontinuum K of X such that K is irreducible between c1 and c2 [7, p. 68, 4.35(a)]. Since Cut(X) is
countable (by our assumption), there is a point y ∈ K − Cut(X).
By Lemma 3.1, there is a point p ∈ X such that p is not in any subcontinuum of X that is irreducible between two
cut points of X. Since |Cut(X)| 2, any cut point of X lies in a continuum irreducible between two cut points of X
[7, p. 68, 4.35(a)]. Thus, p /∈ Cut(X). Hence,
O({p}) =O({c1}).
Also, since y /∈ Cut(X),
O({y}) =O({c1}).
Furthermore, since y ∈ K and K is irreducible between c1 and c2,
O({y}) =O({p}).
Therefore, X is not 12 -homogeneous. 
We note that Theorem 3.2 generalizes Theorem 3.13 of [10], which shows that |Cut(X)|  1 assuming that
|Cut(X)| < ∞. (The proof of Theorem 3.13 in [10] relies on induction, which cannot be used to prove Theorem 3.2.)
4. Preliminary lemmas
We prove two lemmas about cut points of continua in general. Then we prove four lemmas about 2-homogeneity
at a point and a lemma about 13 -homogeneous compactifications of [0,∞).
Lemma 4.1. Let X be a continuum and let p ∈ Cut(X). Assume that X − {p} = U |V . Then Cut(U) ⊂ Cut(X).
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generality, that
U − {q} = E|F with p ∈ F.
Hence, X − {q} = E|(F ∪ V ). 
Lemma 4.2. Let X be a continuum and let p ∈ Cut(X). Assume that X − {p} = U |V and that W is a neighborhood
of p in X such that
U −W = ∅ = V −W and Bd(W) = {w1,w2}.
Then w1,w2 ∈ Cut(X).
Proof. Note that U ∪ {p} and V ∪ {p} are connected [7, p. 88, 6.3]. Hence, Bd(W) ∩ U = ∅ and Bd(W) ∩ V = ∅.
Thus, without loss of generality, w1 ∈ U and w2 ∈ V . Then w1 ∈ Cut(X) since
X − {w1} = (U −W) |
(
int(W)∪ V ).
Similarly, w2 ∈ Cut(X). 
We now turn to three lemmas about 2-homogeneity at a point (defined in Section 2). The first of these lemmas and
part (2) of Theorem 6.1 show the reason that we introduced the notion of 2-homogeneity at a point.
Lemma 4.3. Let X be a continuum with only one cut point c. Then X is 12 -homogeneous if and only if X is 2-homo-
geneous at c.
Proof. Assume that X is 2-homogeneous at c. Then, clearly, X−{c} is contained in a single orbit O of X. Moreover,
since Cut(X) = {c}, c /∈O. Thus, X−{c} =O and, hence, {c} is another orbit of X. Therefore, X is 12 -homogeneous.
Assume that X is 12 -homogeneous. Then, since Cut(X) = {c}, ON = X − {c} and any homeomorphism of X onto
X takes c to c. It follows immediately that X is 2-homogeneous at c. 
Lemma 4.4. If a continuum is 2-homogeneous at two different points, then the continuum is homogeneous.
Proof. Let X be a continuum that is 2-homogeneous at p and at q , p = q . It follows at once that if a, b ∈ X and
{a, b} = {p,q}, then there is a homeomorphism of X onto X taking a to b. Hence, we need only show that there is a
homeomorphism of X onto X taking p to q .
Let r ∈ X − {p,q}. Then, since X is 2-homogeneous at p and at q , there are homeomorphisms g and h of X onto
X such that g(q) = r and h(r) = p. Clearly, (h ◦ g)−1 is a homeomorphism of X onto X and (h ◦ g)−1(p) = q . 
Lemma 4.5. Let Y and Z be homeomorphic continua that are 2-homogeneous at p and q , respectively. Then there is
a homeomorphism of Y onto Z taking p to q .
Proof. Let h be a homeomorphism of Y onto Z. Let z0 = h(p). If z0 = q , we are done. So, assume that z0 = q .
Since Y is 2-homogeneous at p, Z is 2-homogeneous at z0. Thus, since z0 = q , Z is homogeneous by Lemma 4.4.
Hence, there is a homeomorphism g of Z onto Z such that g(z0) = q . Therefore, g ◦h is a homeomorphism of Y onto
Z taking p to q . 
The following lemma gives a useful construction of 12 -homogeneous continua via quotient spaces.
Lemma 4.6. Let Y be a 3-homogeneous continuum, and let p,q ∈ Y with p = q . Then Yupslope{p,q} is 2-homogeneous at
the point {p,q}.
Proof. Let a, b ∈ Yupslope{p,q} − {{p,q}} such that a = b. Since Y is 3-homogeneous, there is a homeomorphism h of Y
onto Y such that h(p) = p,h(q) = q, and h(a) = b (by [12, p. 397, 3.11] unless Y is a simple closed curve, in which
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valued, hence continuous [7, p. 45. 3.22]. Thus, π ◦ h ◦ π−1 is a homeomorphism of Yupslope{p,q} onto Yupslope{p,q}; also,
since h(a) = b, we have that π ◦ h ◦ π−1(a) = b. 
We conclude with a simple lemma that is convenient to have for the proof of Theorem 6.4.
Lemma 4.7. Let Y be a (metric) compactification of [0,∞) with nondegenerate remainder A. Then Y is 13 -homo-
geneous if and only if A is an orbit of Y .
Proof. Let J denote the dense copy of [0,∞) in Y , and let e denote the point of J corresponding to 0.
Since A is nondegenerate, it follows easily that Y is not locally connected at any point of A. Thus, since O({e}) =
{e}, J − {e} is another orbit of Y . The lemma now follows easily. 
5. Lemmas about decompositions
We prove five lemmas concerning decompositions of 12 -homogeneous continua. The first lemma is for any
1
2 -ho-
mogeneous continuum (whether it has cut points or not); the other lemmas are about 12 -homogeneous continua with
at least one cut point. The main lemma for use in the next section is Lemma 5.5. Lemmas 5.3, 5.4 and 5.5 are based
on the decomposition that we define in Lemma 5.2.
Lemma 5.1. Let X be a 12 -homogeneous continuum, and let O1 and O2 denote the two orbits of X. Let Q be the
quotient space obtained by shrinking each component of O2 to a point (Q may not be metrizable), and let π :X → Q
denote the quotient map. Then π(Oi ) is contained in an orbit of Q; hence, Q has at most two orbits.
Proof. Fix i = 1 or 2, and let A,B ∈ π(Oi ). We prove that A and B are points of the same orbit of Q.
Let a ∈ π−1(A) and b ∈ π−1(B). Since a, b ∈Oi , there is a homeomorphism h of X onto X such that h(a) = b.
Let ϕ = π ◦ h ◦ π−1.
Since a, b ∈ Oi and h(a) = b, h|Oi is a homeomorphism of Oi onto Oi . Hence, h takes each component of Oi
onto a component of Oi . Using this fact several times, we see that ϕ is a well-defined one-to-one function of Q onto
Q and that ϕ ◦ π = π ◦ h and ϕ−1 ◦ π = π ◦ h−1. Thus, since π ◦ h and π ◦ h−1 are continuous, ϕ and ϕ−1 are
continuous [3, p. 95, Theorem 9]. Hence, ϕ is a homeomorphism of Q onto Q. Furthermore,
ϕ(A) = π(h(a))= π(b) = B.
Hence, A and B are in the same orbit of Q. 
Lemma 5.2. Let X be a 12 -homogeneous continuum with orbits OC (= Cut(X)) and ON . Assume that some point
p ∈OC has a neighborhood base Np such that Bd(U) ⊂OC for all U ∈Np . Let
K= {A: A is a component of ON } ∪
{{x}: x ∈OC}.
Then K is an upper semicontinuous decomposition of X.
Proof. Let {Ki}∞i=1 be a sequence of distinct (hence, mutually disjoint) members of K such that limi→∞ Ki = L.
Then L is a continuum [7, p. 63, 4.20(a) and 4.21]. We prove that L is contained in some set in K, which proves that
K is upper semicontinuous (by definition in [7, p. 38, 3.5]).
If L is degenerate, then L is obviously contained in a set in K. Hence, for the purpose of proof, we assume that L
is nondegenerate. Therefore, we can assume, without loss of generality, that all the sets Ki are nondegenerate. Thus,
since Ki ∈K for each i, Ki is a component of ON for each i.
We prove that L ⊂ON . Suppose by way of contradiction that there is a point q ∈ L ∩OC . Since q ∈OC , we see
from 12 -homogeneity and our assumption about p that q has a neighborhood base Nq such that Bd(U) ⊂OC for all
U ∈ Nq . Since L is nondegenerate, there exists U ∈ Nq such that L − U = ∅. Thus, since limi→∞ Ki = L, there
exists n such that
Kn ∩U = ∅ = Kn ∩ (X −U).
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this contradicts the fact that Kn is a component of ON . Thus, we have proved that L ⊂ON .
Finally, since L ⊂ON and L is connected, L is contained in a component A of ON and A ∈K. 
Lemma 5.3. Under the assumptions in Lemma 5.2, let Q be the quotient space for K. Then Q is a continuum and if
ordp(X) ω for some point p ∈ OC , then Q is a locally connected continuum.
Proof. By Lemma 5.2, Q is a continuum [7, p. 40, 3.10].
Suppose by way of contradiction that Q is not locally connected. Then Q has a convergence continuum B [7, p. 76,
5.12]; in other words, B is a nondegenerate continuum and there is a sequence {Bi}∞i=1 of subcontinua of Q such that
B = lim
i→∞Bi , B ∩Bi = ∅ for all i.
Let π :X → Q denote the quotient map. Let Bi = π−1(Bi ) =⋃Bi for each i. The sequence {Bi}∞i=1 has a conver-
gent subsequence {Bij }∞j=1 [7, p. 59, 4.13]; let B = limj→∞ Bij .
Since B∩Bij = ∅ for all j , B ∩Bij = ∅ for each j . Since π is monotone, each Bij is a continuum [7, p. 137, 8.46];
hence, B is a continuum [7, p. 61, 4.17]. Furthermore, B is nondegenerate since B is nondegenerate and since
π(B) = lim
j→∞π(Bij ) = limj→∞Bij = B.
It now follows that ordb(X)  ℵ0 for all b ∈ B . Also, by 12 -homogeneity and our assumption that ordp(X)  ω for
some p ∈ OC , we have that ordx(X)  ω for all x ∈ OC . Therefore, B ⊂ ON . Thus, since B is a continuum, B is
contained in a component A of ON . Hence, by the way we defined K in Lemma 5.2, π(B) = A. Therefore, since
π(B) = B, B = {A}; this contradicts the fact that B is nondegenerate. Hence, Q is locally connected. 
Lemma 5.4. Under the assumptions in Lemma 5.2, let Q be the quotient space for K, and let π :X → Q be the
quotient map. Then Cut(Q) = π(OC).
Proof. Let p ∈OC . Note that π−1(π(p)) = {p}. If Q−π(p) is connected, then π−1(Q−π(p)) is connected (since
π is monotone [7, p. 137, 8.46]); thus, since
π−1
(
Q− π(p))= X − {p},
p is not a cut point of X, a contradiction. This proves that π(OC) ⊂ Cut(Q).
Next, assume that A ∈ Cut(Q). Suppose by way of contradiction that A ∈ π(ON). By Lemma 5.1, π(ON) is
contained in an orbit of Q. Therefore, since A ∈ π(ON) ∩ Cut(Q), π(ON) ⊂ Cut(Q). Thus, since we have already
proved that π(OC) ⊂ Cut(Q), we have that Q = Cut(Q); however, Q is a continuum by Lemma 5.3 and, hence, Q
has noncut points [7, p. 89, 6.6]. Thus, we have a contradiction. Therefore, A ∈ π(OC). This proves that Cut(Q) ⊂
π(OC). 
Lemma 5.5. Under the assumptions in Lemma 5.2, let Q be the quotient space for K. If |Cut(X)| > 1, then Q is an
arc.
Proof. By Theorem 3.2, Cut(X) is uncountable. Hence, there is a point p ∈ Cut(X) such that ordp(X) = 2 [13, p. 49,
3.2]. We can now apply Lemma 5.3 to see that Q is a locally connected continuum.
Let π :X → Q be the quotient map. By Lemma 5.4, Cut(Q) = π(Cut(X)); also, from the definition of K in Lem-
ma 5.2, π |Cut(X) (= π |OC ) is one-to-one. Thus, since |Cut(X)| > 1 (by assumption), we have that |Cut(Q)| > 1.
We have just proved that Q has cut points, and we know that Q has noncut points [9, p. 89, 6.6]; hence, Q has at
least two orbits. Also, Q has at most two orbits by the last part of Lemma 5.1. Thus, Q is 12 -homogeneous.
Our lemma now follows from [10, 3.9], which says that the only 12 -homogeneous locally connected continuum
with more than one cut point is an arc. 
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We prove our general theorems about the structure of 12 -homogeneous continua with cut points (Theorems 6.1
and 6.2). We then we prove our characterization theorems (Theorems 6.4 and 6.5). We discuss the characterization
theorems in Section 7.
Our first theorem determines many aspects of the structure of 12 -homogeneous continua with at least one cut point.
Theorem 6.1. Let X be a 12 -homogeneous continuum with at least one cut point.
(1) If |Cut(X)| > 1, then Cut(X) ≈ R1, Cut(X) is both open and dense in X, the orbit of all noncut points of X is
the union of two disjoint, homeomorphic and homogeneous continua (possibly single points, in which case X is
an arc), and the ends of the compactification X are mutually homeomorphic.
(2) If Cut(X) = {c}, then the closures of the components of X − {c} are mutually homeomorphic and are (each)
2-homogeneous at c; furthermore, if ordc(X) ω, then X is a locally connected bouquet of simple closed curves
(thus, X is the Hawaiian earring when X − {c} has infinitely many components).
Proof. To prove part (1), assume that |Cut(X)| > 1. Then, by Theorem 3.2, Cut(X) is uncountable. Hence, there is
a point p ∈ Cut(X) such that ordp(X) = 2 [13, p. 49, 3.2]. Thus, since OC is an orbit of X, we see that ordc(X) = 2
for all points c ∈OC . This means that each point c ∈OC has a neighborhood base Nc whose members have 2-point
boundaries; furthermore, by Lemma 4.2, we can assume that the members of each Nc are small enough so that their
boundaries are contained in OC . Thus, the assumptions in Lemma 5.2 are satisfied. Let Q be the quotient space for K
in Lemma 5.2. Then, by Lemma 5.5, Q is an arc.
Let π :X → Q denote the quotient map. Note from the definition of K in Lemma 5.2 that π(x) = {x} for all
x ∈OC . Also, recall from Lemma 5.4 that π(OC) = Cut(Q). Hence, by a straightforward sequence argument, we see
that π |OC is a homeomorphism of OC onto Cut(Q). Therefore, since OC = Cut(X) and Q is an arc, Cut(X) ≈ R1.
This proves the first statement in part (1).
To prove the rest of part (1), it is convenient to assume that Q = [0,1]. Then
OC = π−1
(
(0,1)
)
, ON = π−1
({0,1}).
Since OC = π−1((0,1)), OC is open in X. Hence, some point of ON is a limit point of OC . Thus, since ON is an
orbit of X, ON ⊂ OC . This shows that X is a compactification of OC whose remainder is ON . Recall that ON =
π−1(0) ∪ π−1(1), and note that π−1(0) and π−1(1) are (disjoint) continua since π is monotone [7, p. 137, 8.46].
Finally, since ON is an orbit of X, ON is homogeneous; therefore, it follows easily that π−1(0) and π−1(1) are
homeomorphic and homogeneous.
Next, the fact that any two ends of the compactification X are homeomorphic is an easy consequence of the fact
that the two components of the remainder lie in the same orbit, ON , of X. This completes the proof of part (1).
To prove part (2), assume that Cut(X) = {c}. Then, by Lemma 4.3, X is 2-homogeneous at c. Hence, it follows
easily that the closures of the components of X − {c} are mutually homeomorphic and are 2-homogeneous at c.
It remains to prove the last part of (2). Assume that ordc(X) ω. Then there is an open neighborhood W of c in
X such that W = X and |Bd(W)| < ℵ0. Thus, Bd(W) is a finite separator of X. Therefore, Bd(W) contains a local
separating point p of X [7, p. 62, 9.41]. Since p = c and X − {c} is an orbit of X, we now have that every point of
X − {c} is a local separating point of X of the same order in X. Hence, by [13, p. 61, 9.2],
(i) ordx(X) = 2 for all x ∈ X − {c}.
By (i) and [8, p. 76, 5.12], X is connected im kleinen at each point x ∈ X − {c}. Hence, by [8, p. 78, 5.13], X is
also connected im kleinen at c. Therefore, by [8, pp. 83, 5.22(b)],
(ii) X is a locally connected continuum.
We prove the following:
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Proof. Let U be a component of X − {c}. By (ii), U is open in X [7, p. 83, 5.22(a)]. Thus, by (i), we have that
(iii) ordx(U) = 2 for all x ∈ U .
A simple closed curve is the only continuum such that each of its points is of order 2 [7, p. 142, 9.6]. Hence, to
prove (∗), it remains by (iii) to prove that ordc(U) = 2 (since U = U ∪ {c}).
Suppose by way of contradiction that ordc(U) = 1. Then there is an open neighborhood G of c in U such that
G = U and Bd(G) = {y}. Hence, y ∈ Cut(U). Let V denote the union of the components of X−{c} different from U .
By (ii), V is open in X. Thus, X − {c} = U |V . Hence, by Lemma 4.1, y ∈ Cut(X); however, this contradicts our
assumption that Cut(X) = {c}. Thus, ordc(U) = 1.
Next, assume by way of contradiction that ordc(U) 3. We use ab to denote an arc with end points a and b. By (ii),
U is locally connected [7, p. 83, 5.22(a)]; thus, since U = U ∪{c}, U is a locally connected continuum [7, p. 78, 5.13].
Therefore, since ordc(U)  3, there are three arcs ca1, ca2 and ca3 in U such that cai ∩ caj = {c} whenever i = j
[6, p. 277]. Since U = U ∪ {c}, ai ∈ U for each i. Thus, since U is a connected open subset of the locally connected
continuum X (by (ii)), there are arcs a1a2 and a2a3 in U [7, p. 132, 8.26]. Now, let
A =
( 3⋃
i=1
ca
i
)
∪ a1a2 ∪ a2a3.
It is obvious that A contains a θ -curve and, thus, that A− {c} has a point of order  3 in A; however, this contradicts
(iii). Therefore, ordc(U)  3.
By what we have proved in the previous two paragraphs, we conclude that ordc(U) = 2. Therefore, according to
our comment following (iii), we have proved (∗).
By (ii) and (∗), X is a locally connected bouquet of simple closed curves. 
Regarding part (2) of Theorem 6.1, we will see in the next section that the closures of the components of X − {c}
are not necessarily homogeneous (Example 7.4). We will also see that the assumption that ordc(X) ω in part (2) of
Theorem 6.1 is required (Example 7.3).
As we mentioned in Section 1, our original motivation for our paper was to try to determine whether Cut(X) is
connected for all 12 -homogeneous continua X. Theorem 6.1 clearly implies that Cut(X) is connected. Moreover, the
parts of Theorem 6.1 that focus on Cut(X) itself completely describe Cut(X), including how it is situated in X, for
any 12 -homogeneous continuum X. We state the description of Cut(X) in the following theorem:
Theorem 6.2. If X is a 12 -homogeneous continuum, then either Cut(X) ≈ R1 and Cut(X) is both open and dense in
X or Cut(X) consists of at most one point; furthermore, if Cut(X) consists of a single point c, then ordc(X) 4 and
ordc(X) is even if ordc(X) is an integer.
Proof. The theorem is due to Theorem 6.1. 
We note a corollary that we feel is of interest. (In order to state the corollary in the most general way, we assume
in the corollary that some cut point has order  3; however, a cut point of a 12 -homogeneous continuum cannot have
order 3 by Theorem 6.1.)
Corollary 6.3. If X is a 12 -homogeneous continuum and some cut point of X has order  3 in X, then Cut(X) and X
have the properties in part (1) of Theorem 6.1.
Proof. By assumption, some cut point of X has order  3 in X. Therefore, by the last part of Theorem 6.2, |Cut(X)|
> 1. 
Next, we prove the first of two characterization theorems.
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arc or X is a compactification of R1 whose remainder is the union of two disjoint, nondegenerate, homeomorphic
continua and the ends of X are mutually homeomorphic and 13 -homogeneous.
Proof. It is convenient to state the following obvious and easy-to-prove fact that we use a number of times:
(#) The remainder of a compactification of R1 or of [0,∞) is the set of all points at which the compactification is not
locally connected provided that the component(s) of the remainder are nondegenerate.
Assume that X is 12 -homogeneous and that X is not an arc. Then, part (1) of Theorem 6.1 shows that X has all
the properties claimed except the last one; hence, we must prove that an end of X is 13 -homogeneous. Let E be an
end of X. Part (1) of Theorem 6.1 shows that E is a compactification of [0,∞) whose remainder is a nondegenerate
continuum A (which is a component of the remainder of X). We prove that A is an orbit of E. Let e denote the point
of E corresponding to 0, let R denote the dense copy of R1 in X, and let a, b ∈ A. Note that since A is a component
of the remainder of X, A is contained in an orbit of X by part (1) of Theorem 6.1. Hence, there is a homeomorphism
g of X onto X such that g(a) = b. It follows from (#) that g(R) = R. Also, note that g(E) either contains E or is
contained in E (since A is nondegenerate and b ∈ g(A)∩A). Thus, even though g may not take the point e to e, this
can be easily rectified. Then (having redefined g so that g(e) = e), it follows that g(E) = E. This proves that A is
contained in an orbit of E; thus, by (#), A is an orbit of E. Therefore, by Lemma 4.7, E is 13 -homogeneous.
Conversely, assume that X is a compactification of R1 with the properties stated in our theorem (we need not
consider the case when X is an arc since an arc is clearly 12 -homogeneous). Fix a point r in the dense copy R of R1
in X, and let E1 and E2 denote the two ends of X whose common point is r . Denote the remainders of E1 and E2 by
A1 and A2, respectively.
We prove that A1 ∪ A2 is an orbit of X. Let p,q ∈ A1. By assumption, E1 is 13 -homogeneous. Hence, by Lem-
ma 4.7, A1 is an orbit of E1. Thus, there is a homeomorphism h1 of E1 onto E1 such that h1(p) = q . Clearly,
h1(r) = r . Hence, we can extend h1 to a homeomorphism h of X onto X by letting h(x) = x for all x ∈ E2. This proves
that A1 is contained in an orbit of X. Similarly, A2 is contained in an orbit of X. Now, (since E1 ≈ E2 by assumption),
there is a homeomorphism g of E1 onto E2. Using (#), we see that g(A1) = A2. Recall that E1 ∩E2 = {r}, note that
g(r) = r , and define k :X → X by
k =
{
g on E1,
g−1 on E2.
We see that k is a homeomorphism of X onto X and that k(A1) = A2. Thus, since A1 and A2 are each contained in
an orbit of X, it follows easily that A1 ∪A2 is contained in a single orbit O of X. Therefore, by (#), A1 ∪A2 =O.
For any two points a, b ∈ R ≈ R1, it is obvious that there is a homeomorphism ϕ of R onto R taking a to b and
which is the identity outside some compact neighborhood of {a, b}; noting that R is open in X (since the remainder
of X is compact), ϕ can be extended to a homeomorphism of X onto X. This proves that R is contained in an orbit
O′of X. Thus, since A1 ∪A2 =O, R =O′. Therefore, X is 12 -homogeneous. 
Our next theorem characterizes 12 -homogeneous continua with only one cut point c for which the components of
X − {c} form a null sequence. The characterization is in terms of the closures of the components of X − {c}. We give
examples in the next section which show that the assumption that the components of X − {c} form a null sequence
is required and that there are 12 -homogeneous continua with only one cut point that do not satisfy the assumption(Examples 7.2 and 7.3).
Theorem 6.5. Let X be a continuum with only one cut point c. Assume that the components of X − {c} form a
null sequence. Then X is 12 -homogeneous if and only if the closures of the components of X − {c} are mutually
homeomorphic and are (each) 2-homogeneous at c.
Proof. Assume that X is 12 -homogeneous. Then, by part (2) of Theorem 6.1, the closures of the components of X−{c}
satisfy the conditions stated.
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geneous at c. To prove that X is 12 -homogeneous, it suffices to prove that X − {c} is an orbit of X. Let a, b ∈ X − {c},
and let Ka and Kb denote the closures of the components of X − {c} that contain a and b, respectively.
By assumption, Ka and Kb are homeomorphic and are 2-homogeneous at c. Hence, by Lemma 4.5, there is a
homeomorphism h of Ka onto Kb such that h(c) = c. Since h(c) = c, h(a) = c. Thus, since Kb is 2-homogeneous
at c, there is a homeomorphism g of Kb onto Kb such that g(h(a)) = b and g(c) = c. Let
f (x) =
{
g(h(x)), if x ∈ Ka,
h−1(x), if x ∈ Kb.
Clearly, f is a homeomorphism of Ka ∪ Kb onto Ka ∪ Kb such that f (a) = b and f (c) = c. Recall the assumption
in our lemma that the components of X − {c} form a null sequence; hence, we can extend f to a homeomorphism f ′
of X onto X by letting f ′(x) = x for all x /∈ Ka ∪ Kb . Since f ′(a) = b, we have proved that X − {c} is contained in
an orbit of X. Therefore, since Cut(X) = {c}, X − {c} is an orbit of X. 
Remark. Some aspects of the structure in part (1) of Theorem 6.1 are true for all 12 -homogeneous continua: If X is
a 12 -homogeneous continuum, then at least one orbit of X is dense in X; furthermore, if only one orbit is dense in X,
then that orbit is also open in X. The proof is easy: If orbit O1 is not dense in X, then orbit O2 has nonempty interior
in X and, hence, O2 is open in X; thus, since X is connected, O1 ∩O2 = ∅ and, therefore, O2 = X. (We note that
both orbits are dense in X when X is the Sierpin´ski universal curve [4].)
7. Examples related to our results
Among the results in the preceding section are two characterization theorems, namely, Theorems 6.4 and 6.5.
Theorem 6.4 is a fairly complete characterization of 12 -homogeneous continua with more than one cut point, and
Theorem 6.5 is a characterization, with an additional condition, of 12 -homogeneous continua with only one cut point.
We give a discussion and examples that pinpoint problems that remain in obtaining more complete characterizations.
The characterization in Theorem 6.4 would be enhanced if we had a useful, inherent characterization of 13 -homo-
geneous compactifications of [0,∞). A characterization is in Lemma 4.7, but it does not tell us when the remainder
is an orbit. It may be that any inherent characterization of 13 -homogeneous compactifications of [0,∞) would be too
technical to be useful. We know that the remainder of such a compactification must be homogeneous (by Lemma 4.7).
Thus, the simplest case other than when the remainder is a point is when the remainder is a simple closed curve; we
do not even know a characterization in this case:
Example 7.1. The standard compactification of [0,∞) whose remainder is the unit circle S1 is the one when the
ray (≈ [0,∞)) continually winds in a clockwise (or counterclockwise) direction in the plane as it approaches S1;
this compactification is 13 -homogeneous. The compactification when the ray reverses direction at the end of each
complete revolution about S1 is not 13 -homogeneous. On the other hand, consider a compactification in which the ray
reverses direction randomly, in the following sense: every point of S1 is a limit of points in the ray at which the ray
reverses direction for at least one full revolution about S1; we do not know if any of these random compactifications
are 13 -homogeneous.
Next, we discuss Theorem 6.5. Theorem 6.5 characterizes all 12 -homogeneous continua with only one cut point c
under the assumption that the components of X − {c} form a null sequence. We give two examples: an example to
show that the assumption is required, and an example to show that the assumption is restrictive (i.e., Theorem 6.5 does
not characterize all 12 -homogeneous continua with only one cut point).
Example 7.2. We show that the assumption in Theorem 6.5 about the components of X−{c} being a null sequence is
required. Let Z = {0,1, 12 , . . . , 1n , . . .} (usual topology), let S1 be the unit circle in the plane, and fix a point p0 ∈ S1.
Let X = (Z × S1)upslope(Z×{p0}). It is easy to check that c = Z × {p0} is the only cut point of X and that the closures
of the components of X − {c} are mutually homeomorphic and are (each) 2-homogeneous at c. However, X is not
1
2 -homogeneous since X is locally connected at some noncut points but not at others.
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is restrictive; we also show that the assumption that the order of c is  ω in part (2) of Theorem 6.1 is required.
In analogy with Example 7.2, fix p0 ∈ S1, let C be the Cantor set, and let X = (C × S1)upslope(C×{p0}). We see that X
is a 12 -homogeneous continuum with only one cut point c = C × {p0} and, yet, the components of X − {c} do not
form a null sequence. The example also shows that the assumption that ordc(X)  ω in part (2) of Theorem 6.1 is
required. Examples for which the closures of the components of X−{c} are not simple closed curves can be obtained
by replacing S1 with any other nondegenerate continuum that is 2-homogeneous at some point p0.
Concerning Theorem 6.5, we would like to have a characterization for all 12 -homogeneous continua with only one
cut point. We mention in connection with Theorem 6.5 (as well as Theorem 6.1) that it would be beneficial to have an
intrinsic characterization of continua that are 2-homogeneous at a point.
Finally, we present two examples concerning two related conjectures that are natural to consider.
It might be conjectured that if a continuum X is 12 -homogeneous and has at least one cut point, then the closure of
each component of X − Cut(X) is homogeneous. This is certainly true when X has more than one cut point (by part
(1) of Theorem 6.1). Simple examples suggest that the conjecture is also true when X has only one cut point – the
join at a point of finitely many mutually disjoint n-spheres (or Menger curves or Hilbert cubes [10]), as well as the
Hawaiian earring, to mention a few. However, the conjecture is false:
Example 7.4. Let S2 be the standard 2-sphere in R3. Let p,q ∈ S2, and let Z = S2upslope{p,q} (a pinched 2-sphere). Let
X be the join of two disjoint copies of Z at the points corresponding to the pinched point {p,q}. By Lemma 4.6, Z
is 2-homogeneous at the point {p,q}. Hence, by Theorem 6.5, X is 12 -homogeneous. However, the closure of neither
component of X − Cut(X) is homogeneous. Other examples like this one can be obtained by replacing Z with, for
example, a pinched Menger curve which results in a 1-dimensional example X or with a pinched Hilbert cube which
results an infinite-dimensional example. (Note: the Menger curve and the Hilbert cube are 3-homogeneous by [1,
p. 322, Theorem III] and [2, p. 381, 10.3].)
In the opposite direction of the preceding conjecture, it is tempting to think that the join of two (disjoint) copies of
a homogeneous continuum at a point of each is 12 -homogeneous. Nevertheless, this is not necessarily true since there
are homogeneous continua that are not 2-homogeneous; we note the following example:
Example 7.5. Let Y be a solenoid that is not a simple closed curve. Solenoids are homogeneous since they are
topological groups [7, p. 25, 2.16]. The continuum Y is not 2-homogeneous since it is not locally connected [12,
p. 397, 3.12] (or because of its composant structure [7, pp. 203–204]). Hence, the join of two disjoint copies of Y at
a point of each is not 12 -homogeneous by Theorem 6.5. We note that we could have taken Y to be any nondegenerate
indecomposable homogeneous continuum. To obtain a locally connected example, let Z be the Cartesian product of
a Menger curve and the circle S1; then Z is not 2-homogeneous at any point since homeomorphisms of Z onto Z
preserve circular fibers [5, p. 132, Theorem 1].
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